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Abstract
We show that the Hamiltonian HQ introduced in the course of BRST analysis of a gauge
theory may in fact be associated with an action that itself is gauge invariant. This action can
then be treated using the BRST formalism. We illustrate this by considering the spinning
particle and the first order Einstein-Hilbert action in 1 + 1 dimensions.
1 Introduction
The treatment of systems whose action involves non-physical degrees of freedom through the
Hamiltonian-BRST procedure [1-3] is quite useful. (For reviews, see refs. [4-7].) In this ap-
proach, the contribution of non-physical degrees of freedom to physical processes is cancelled by
systematically introducing additional non-physical degrees of freedom with opposite statistics.
The first step in this procedure is to introduce a canonical pair of “ghosts” (θi, πi), one for each
first class constraint φi arising in the theory, and having different Grassmann character from φi.
Next, a BRST operator Q is introduced such that
Q = θiφi +QE (1)
where QE = QE(qi, pi, θi, πi) is the “extra” contribution to Q that ensures that
{Q,Q}∗ = 0 (2)
1
where {, }∗ is a Dirac Bracket (DB) used to eliminate any second class constraints [5, 7, 8] that are
present. Once Q has been found, a “BRST Hamiltonian” HQ constructed so that
{Q,HQ}∗ = 0 (3)
with the condition that if the ghost fields were to all vanish, then HQ reduces to HC , the canonical
Hamiltonian.
In this paper, we wish to note that the BRST action
SQ =
∫
dτ
(
piq˙i + iπiθ˙i −HQ
)
(4)
may itself possess gauge symmetries, much like the classical action
SC =
∫
dτ (piq˙i −HC) . (5)
These symmetries can be found by either examining the equations of motion that follow from the
action [9] or by examining the action itself [10]. In both approaches, a symmetry generator G gives
rise to a change in any dynamical variable A
δA = {A,G}∗ (6)
that leaves the action invariant.
We will consider two models in order to demonstrate how SQ can possess gauge symmetries.
First of all we shall examine the spinning particle [11] which possesses both a local “Bosonic”
(non-Grassmann) and “Fermionic” (Grassmann) symmetry. The BRST approach has been used to
quantize this model [12-14] but the local gauge symmetries associated with the BRST Hamiltonian
has apparently not been considered. The other model we shall look at is the first order Einstein-
Hilbert action in 1 + 1 dimensions. The canonical structure of this model has been used to find
a local gauge symmetry that is distinct from the manifest diffeomorphism invariance present in
this model [15-17]. This novel symmetry has been used in conjunction with Faddeev-Popov path
integral quantization [18]; we will consider the BRST approach to analyzing this model in section
three.
2 The Spinning Particle
The action for a spinning particle is [11]
SC =
∫
dτ
[
1
2
(
φ˙2
e
− iψ · ψ˙ − i
e
χφ˙ · ψ
)
+
1
2
(
m2e+ iψ5ψ˙5 − imψ5 χ
) ]
(7)
where φµ and e are Bosonic and ψµ, ψ5 and χ are Fermionic; m is a mass parameter. Both of the
approaches of refs. [9, 10] lead to the generator of the gauge invariances associated with SC in eq.
(7) being
G = (2B˙ + iFχ)pe +BΘ (8)
+ (−2iF˙ )πχ + iFΨ .
In eq. (8), pA (πA) is the canonical momentum associated with a Bosonic (Fermionic) coordinate
variable A. Also,
pe = πχ = 0 (9)
are primary first class constraints,
Θ ≡ p2 −m2 = 0 (10)
Ψ ≡ pφ · ψ −mψ5 = 0 (11)
are secondary first class constraints, B(τ) (F (τ)) is a Bosonic (Fermionic) gauge function, and the
variables ψµ, ψ5 satisfy the DB
{ψµ, ψν}∗ = i δµν (12)
{ψ5, ψ5}∗ = −i (13)
so that
{Ψ,Ψ}∗ = iΘ . (14)
Following the procedure outlined in [1-7], it can be shown that the BRST operator Q is given by
Q = f1pe + f2Θ+ b1πχ + b2Ψ+
1
2
πf2b
2
2
(15)
where fi(bi) are Fermionic (Bosonic) ghost fields; subsequently it follows that the BRST Hamiltonian
is
HQ =
e
2
Θ +
i
2
χΨ− i
2
f1πf2 −
1
2
b1pb2 +
i
2
χb2πf2 (16)
= {Q,Γ}∗ (17)
where
Γ = − i
2
pb2χ+
i
2
πf2e. (18)
(Eqs. (15-18) are also in refs. [12-14].)
With HQ given by eq. (16), we have the first order BRST action
SQ =
∫
dτ
[
pφ · φ˙+ pb1 b˙1 + pb2 b˙2 −
i
2
ψ · ψ˙ + i
2
ψ5ψ˙5 (19)
+ iπf1 f˙1 + iπf2 f˙2 −HQ
]
.
We now can perform a canonical analysis of the action SQ. It is apparent that again, there are the
primary first class constraints of eq. (9). Once more there is the secondary first class constraint of
eq. (10), but now, in place of eq. (11), there is the secondary first class constraint
Ψ ≡ Ψ+ b2πf2 = 0. (20)
Since {
Ψ, HQ
}∗
=
1
2
(χΘ− πf2b1) (21)
there is now a tercery first class constraint
πf2b1 = 0 (22)
(recalling eq. (10)). The formalism of ref. [10] can now be used to find the gauge generator
associated with the local gauge invariances of SQ of eq. (19); it is
GQ = 2(B + iF˙χ)pe +BΘ− 4iF¨ πχ + 2iF˙ Ψ+ iFπf2b1, (23)
where B(F ) is a Bosonic (Fermionic) gauge function. With GQ, we find that SQ is invariant under
the gauge transformations
δχ = 4F¨ , δψµ = 2F˙ pµφ , δψ5 = 2mF˙ , δf1 = 0 , δf2 = −2F˙ b2 − Fb1
δpe = δp
µ
φ = 0 , δpb2 = −2iF˙ πf2 , δpb1 = −iFπf2
δπχ = −2F˙ pe , δπf1 = δπf2 = 0.
δe = 2(B˙ + iF˙χ) , δφµ = 2Bpµφ + 2iF˙ψ
µ
δb1 = δb2 = 0; (24a− p)
under the transformations of eq. (24), it follows that
δSQ =
∫
dτ
d
dτ
[
B(p2φ +m
2) + iF˙ (2pφ · ψ +mψ5)
]
. (25)
Having established the presence of a local gauge symmetry in SQ, we can now repeat the BRST
procedure. We first of all find that with eq. (2), the BRST operator associated with SQ is
Q = f
1
pe + f 2Θ+ b1πχ + b2Ψ+ b3b1πf2 +
1
2
πf2b
2
2
(26)
where f i and bi are Fermionic (Bosonic) ghost fields. Again, from eq. (3), it follows that the BRST
Hamiltonian that is associated with Q is
HQ =
e
2
Θ +
i
2
χ
(
Ψ+ b2πf2 + b2πf2
)
− i
2
f1πf2
−1
2
b1pb2 −
i
2
f
1
πf2 −
1
2
b1pb2 +
1
2
b2pb3 . (27)
We shall now examine the action
SQ =
∫
dτ
[
pφ · φ˙+ pb1 b˙1 + pb2 b˙2 + pb1 b˙1 + pb2 b˙2 + pb3 b˙3
− i
2
ψ · ψ˙ + i
2
ψ5ψ˙5 + iπf1 f˙1 + iπf2 f˙2 + iπf
1
f˙
1
+ iπf
2
f˙
2
−HQ
]
(28)
for possible gauge invariances. Again employing the approach of ref. [10], we find that the generator
of gauge symmetries that leaves SQ in eq. (28) invariant is
G˜ = 2(B˜ − i ˙˜Fχ)pe + B˜Θ+ 4i ¨˜Fπχ − 2i ˙˜F (Ψ + b2πf2 + b2πf2) + iF˜ b1πf2 − i
˙˜
Fb1πf2 , (29)
with B˜(F˜ ) being a Bosonic (Fermionic) gauge function. Since SQ has a gauge symmetry, it too is
subject to a BRST analysis.
3 The First Order Einstein-Hilbert Action
in 1 + 1 Dimensions
Another example of a gauge theory which has an associated BRST action that itself possesses a
gauge symmetry is provided by the first order Einstein-Hilbert action in 1 + 1 dimensions. The
classical action for this model is
SC =
∫
d2x
√−g gµνRµν(Γ) (30)
where
Rµν = Γ
λ
µν,λ − Γλλµ,ν + ΓλµνΓσσλ − ΓλσµΓσλν . (31)
If now hµν =
√−g gµν and Gλµν = Γλµν − 12
(
δλµΓ
σ
σν + δ
λ
νΓ
σ
σµ
)
, then eq. (30) can be rewritten [15-18]
SC =
∫
d2x
[
πh,0 + π1h
1
,0 + π11h
11
,0 −
(
ξ1φ1 + ξφ+ ξ1φ
1
) ]
(32)
where
h ≡ h00 , h1 ≡ h01 (33a, b)
π = −G0
00
, π1 = −2G001 , π11 = −G011 (33c, d, e)
ξ1 = G1
00
, ξ = 2G1
01
, ξ1 = G
1
11
(33f, g, h)
φ1 = h,1 − hπ1 − 2h1π11 (33i)
φ = h1,1 + hπ − h11π11 (33j)
φ1 = h11,1 + 2h
1π + h11π1 . (33k)
The primary constraints
pξ1 = pξ = pξ1 = 0 (34)
obviously lead to the secondary constraints
φ1 = φ = φ1 = 0 ; (35)
these are all first class as
{
φ, φ1
}
= φ1 , {φ1, φ} = φ1 ,
{
φ1, φ
1
}
= 2φ . (36a, b, c)
Using these constraints, one finds that the gauge generator leads to the transformations [15-18]
δhαβ = − (ǫαµhβν + ǫβµhαν)ωµν (37a)
δGλµν = −ǫλρωµν,ρ − ǫρσ
(
Gλµρωνσ +G
λ
νρωµσ
)
(37b)
where ǫ01 = −ǫ10 = 1 and ωµν is a symmetric gauge function.
If now we define
φ1 = σa + σc , φ = σb , φ1 = −σa + σc (38)
ξ1 =
1
2
(ζa + ζc) ξ = ζb ξ
1 =
1
2
(−ζa + ζc) (39)
then we have a canonical Hamiltonian
HC = ζaσa + ζbσb + ζcσc . (40)
Introducing now Fermionic ghost fields fa, fb, fc and Fa, Fb, Fc, it follows from eqs. (2,3) that the
BRST charge Q and the BRST Hamiltonian HQ are given by
Q = fapζa + fbpζb + fcpζc + Faσa + Fbσb + Fcσc
−iπFaFbFc − iπFbFcFa + iπFcFaFb (41)
HQ = ζaΣa + ζbΣb + ζcΣc + iπFafa + iπFbfb + iπFcfc (42)
where
Σa = σa − i (πFbFc + πFcFb) (43a)
Σb = σb + i (πFaFc + πFcFa) (43b)
Σc = σc − i (πFaFb + πFbFa) (43c)
satisfy
{Σa,Σb} = −Σc , {Σb,Σc} = Σa , {Σc,Σa} = Σb . (44)
We find that
HQ = {Q,Γ} (45)
where
Γ = i (ζaFa + ζbFb + ζcFc) . (46)
The action associated with the BRST Hamiltonian HQ
SQ =
∫
d2x
[
πh,0 + π1h
1
,0 + π11h
11
,0 + i
(
πfafa,0 + πfbfb,0
+πfcfc,0 + πFaFa,0 + πFbFb,0 + πFcFc,0
)−HQ
]
(47)
obviously has the primary constraints
pζa = pζb = pζc = 0 (48)
as well as the secondary constraints
Σa = Σb = Σc = 0 ; (49)
with HQ given by eq. (42) there are no tertiary constraints. The constraints of eqs. (48, 49) are all
first class and consequently SQ itself possesses a gauge invariance which is generated by [10]
GQ =
(
B˙a +Bbζc − Bcζb
)
pζa +
(
B˙b +Bcζa −Baζc
)
pζb (50)
+
(
B˙c − Baζb +Bbζa
)
pζc +BaΣa +BbΣb +BcΣc
where Ba, Bb, Bc are gauge functions.
4 Discussion
Cancellation of the effects due to the presence of non-physical degrees of freedom appearing in a
locally gauge invariant actions by the introduction of “ghost” fields is quite efficient. It is well
understood that the BRST action of eq. (4) that takes the place of the classical action of eq. (5)
upon introduction of these ghost fields has a global gauge invariance on account of eq. (3) [6]; we
have in this paper demonstrated that the BRST action itself might possess a local gauge invariance.
Adding a term of the form
Hgf = {Q,Γ′}∗ (51)
to HQ is a form of “gauge fixing” [1-7]. This term leaves eq. (3) intact on account of eq. (2)
and it has been demonstrated [1-7] that transition amplitudes are independent of the choice of Γ′;
it may also break any local symmetry present in SQ. We note that on account of eqs. (17, 45)
HQ+Hgf = 0 for both the spinning particle and the Einstein-Hilbert action in 1+1 dimension if we
choose Γ′ = −Γ. In the discussion of the spinning string in refs. [1-14], Γ′ = 0. In this case, since
the BRST action has a local gauge invariance, the path integral used in quantization is not well
defined. One could either choose a suitable gauge fixing function Γ′ or reapply the BRST procedure
and after having arrived at an action involving “ghosts of ghosts”, check to see if it is well defined;
if it is not, a gauge fixing function can be introduced at this stage.
The novel “ghosts of ghosts” arising due to the situation described above differ from the “new
ghosts” that may arise in the course of applying the BV analysis of ref. [19]. These new ghosts of
BV arise whenever the gauge invariance present in the Lagrangian has reducible generators; they
serve to eliminate any gauge invariance that would be present in the ghost sector if they were not
included. In contrast, the “ghosts of ghosts” that are considered in this paper may occur even if the
gauge generators of the classical action are not reducible; their purpose is to ensure that if the BRST
action that arises upon applying the procedure of refs. [1-3] itself possesses a gauge invariance then
any superfluous degrees of freedom occurring are eliminated in a consistent way. We note that we
had not expected that the BRST action might itself be gauge invariant; in Yang-Mills theory this
is not the case. It would appear that each BRST action must be examined individually to see if it
is gauge invariant using the standard approach of refs. [9,10].
We note that the BRST approach of refs. [1-3] and the BV approach of ref. [19] are related.
A discussion of their connection appear in ref. [20] where the gauge invariance present in the first
order (Hamiltonian) form of the action is treated using both approaches and they are shown to be
equivalent.
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Appendix A Conventions
For Grassmann variables θA, we have
(θAθB)
† = θ†Bθ
†
A (A.1)
and use left derivatives so that
d
dθA
(θBθC) = δABθC − δACθB . (A.2)
If (qi, pi) and (θi, πi) are canonically conjugate pairs of standard and Grassmann variables respec-
tively than for a theory with Lagrangian L(qi, θi; q˙i, θ˙i) we have
pi =
∂L
∂q˙i
πi = i
∂L
∂θ˙i
(A.3, 4)
and define the canonical Hamiltonian
Hc = piq˙i + iπiθ˙i − L . (A.5)
For standard and Grassmann quantities Bi and Fi respectively we use the Poisson Brackets (PB)
{B1, B2} = (B1,qB2,p − B1,pB2,q) + i (B1,θB2,pi +B1,piB2,θ) (A.6a)
{F1, F2} = (F1,qF2,p − F1,pF2,q)− i (F1,θF2,pi + F1,piF2,θ) (A.6b)
{F,B} = (F,qB,p − F,pB,q)− i (F,θB,pi + F,piB,θ) = {B,F} . (A.6c)
These conventions are consistent with those of ref. [6].
